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Rasch Modeling of the Test of Early Mathematics Ability-Third Edition with a Sample of K1
Children in Singapore
The acquisition of early numerical abilities, such as understanding the rules of counting, quantity comparison, and representing numerical magnitudes in the form of a number line, has been found to provide the foundation for the early learning of formal mathematics in school (e.g., Duncan et al., 2007; Fuchs et al., 2010; Jordan, Kaplan, Ramineni, & Locuniak, 2009; Martin, Cirino, Sharp, & Barnes, 2014; Passolunghi, Lanfranchi, Altoe, & Sollazzo, 2015; Watts, Duncan, Siegler, & Davis-Kean, 2014) . Given the importance of early numerical skills to continuing mathematics achievement, it is critical to have good measurement tools to help identify children who are struggling at this early stage. Of the few summative assessments in mathematics appropriate for young children, the Test of Early Mathematics Ability-Third Edition 1 (TEMA-3; Ginsburg & Baroody, 2003 ) is a widely used measure of mathematics knowledge for children aged 3 years to 8 years 11 months. Researchers and practitioners have commonly used TEMA-3 to understand learning disabilities (e.g., Murphy, Mazzocco, Hanich, & Early, 2007) , to document children's progress in mathematics knowledge, and to compare children's mathematics knowledge across countries (e.g., Ryoo et al., 2014) .
TEMA-3 is conceptualized to assess two forms of mathematics knowledge: informal (acquired outside the context of schooling) and formal (skills and concepts learned in school).
TEMA-3 assesses informal mathematics knowledge through four categories of items: (1) numbering (e.g., verbal counting by ones), (2) number comparisons (e.g., choosing the larger number), (3) calculation (e.g., addition of concrete objects), and (4) concepts (e.g., number constancy). Formal mathematics knowledge is also assessed with four categories: (1) numeral literacy (e.g., reading or writing numerals), (2) number facts (e.g., subtraction facts), (3) calculation (e.g., written addition accuracy), and (4) concepts (e.g., written representation of sets).
Each category contains a number of items assessing corresponding concepts or skills from basic to advanced level. The TEMA-3 yields a standard score (i.e., Math Ability Score), which is converted from the raw score and provides an indication of a child's overall mathematics ability.
Note that the authors of TEMA-3 (Ginsburg & Baroody, 2003) do not validate sub-constructs and hence sub-scores are not available.
In spite of its wide use, there exists little research on the properties of TEMA-3. In developing TEMA-3, Ginsburg and Baroody (2003) investigated the validity and reliability of the measure with content analysis and conventional item analysis using a U.S. sample. They reported that TEMA-3 evidenced a high degree of internal consistency, alternate-form, and testretest reliability. Also, TEMA-3 was found to demonstrate good content, criterion, and construct validity. Ryoo and colleagues (2015) further examined the factor structure of the TEMA-3 using longitudinal data from a U.S. sample. Their finding suggested the potential of identifying subscales within TEMA-3 to understand children's knowledge of specific mathematics concepts.
There are several limitations to these existing studies. First, the psychometric properties of TEMA-3 have not been studied with contemporary measurement models. Conventional indices used in previous item analysis (Ginsburg & Baroody, 2003) , such as using percentage of children succeeding on an item as an indication of item difficulty, are known to be sample dependent (Daniel, 1999) . Second, the administration of TEMA-3 adopts basal-and-ceiling rules. Following the TEMA-3 manual, past research (Ginsburg & Baroody, 2003; Ryoo et al., 2015) scored all items below the basal correct and all items above the ceiling incorrect. Although such scoring practice is conventional, filling missing item responses with the expected item scores poses threats to the investigation of the item properties (Daniel, 1999) . Specifically, if items are not well ordered in difficulty, the expected item scores filled in based on the basal-and-ceiling rule will not be a proper reflection of what a child may have performed, which in turn will mask the true properties of the items. Third, to our knowledge, the properties of TEMA-3 were only investigated with U.S. samples to date. Considering the wide use of TEMA-3 as an indication of children's mathematics ability, more studies are needed to examine its validity and reliability.
This study applied the Rasch model to investigate the psychometric properties of the TEMA-3 items with a sample of children at first year of kindergarten in Singapore. Mislevy and Wu (1996) suggested that the missingness caused by the selection of items to administer to an examinee based on the observed responses to previous items in adaptive testing (as the case with TEMA-3 in this study) is ignorable for ability estimation. As to item calibration, the key is the amount of data available per item. See analysis section for a detailed discussion. with the hypothesis of item design? Specifically, were items designed to assess advanced mathematics knowledge more difficult than items designed to assess basic knowledge? Also, how was item ordering (with respect to difficulty) determined with the Singapore sample related to item ordering in the TEMA-3 test form determined with the U.S.
sample?
3. Convergent evidence: What was the relationship between children's performance on TEMA-3 and Number Sets Test (Geary, Bailey, & Hoard, 2009) , which is another measure of early numerical ability?
Method

Participants
The data used in this research was from a longitudinal study examining the impact of kindergarten on children's development. The sample had 971 children (494 girls), which comprised 564 Chinese, 191 Indian, 120 Malay, and 42 who identified with other ethnic groups.
No valid ethnicity information was available for 54 children. Parental consent and child assent were received for these children prior to data collection. All children were tested between February and September in their first year of kindergarten (average age=56.99 months, S.D. = 3.78 months).
Instruments
The TEMA-3 and Number Sets Test were administered to the participating children at their kindergartens as part of a larger task set by trained research assistants on a one-to-one basis.
TEMA-3. The test was normed in U.S. and has two parallel forms. In this study, only Form A, comprising 72 items, was administered. Each item was scored dichotomously (i.e., 0 or 1).
Test administration began with an entry point suitable for a child's age and was terminated when ceiling and basal were established (Ginsburg & Baroody, 2003) . Raw data were used in the subsequent Rasch analysis. For example, missing data on the non-administered items were retained and not scored with the basal-and-ceiling rule.
Number Sets Test. This test assesses the speed and accuracy with which children can identify and process quantities represented by Arabic numerals and object sets in a paper-and- combination is considered an item. Children were asked to circle items that matched a target number (5 or 9) as quickly and accurately as possible (Geary et al., 2009 ).
The Rasch Model
The Rasch model (Rasch, 1960) formulates the probability of person n succeeding on item i
where n  denotes the ability of person n, and i  denotes the difficulty of item i. The weighted mean square statistic (Wright & Masters, 1982) , known as the infit statistic, was used to evaluate how well the item data fit the Rasch model. The infit statistic has an expected value of one. Items with infit statistic outside the range of 0.75 and 1.33 and with the absolute value of the weighted t statistic larger than 1.96 required further investigation (Wilson, 2005) .
Analysis
As the TEMA-3 targets children up to 8 years old and the current sample comprised K1 children only, test administration terminated before many of the children reached the later items due to the implementation of the basal-and-ceiling rule. As the entry point is item 15 for our sample, items at the beginning of the test were taken by fewer children than items at the middle.
Past research (e.g., Linacre, 1994; Chen et al., 2014) has discussed the impact of small sample sizes on the Rasch analysis, such as larger standard errors, less robust parameter estimates, and less powerful fit analysis. Considering the impact of sample size on item calibration, the analysis procedure was multi-step. In step 1, only items that had at least 250 observations and at least 10 observations per response category were used for the Rasch analysis (i.e., items 8 through 41). Calibrations of these 34 items were expected to be reasonably robust and precise. Past research (e.g., Linacre, 1994; Chen et al., 2014) has suggested that the Rasch analysis can still be performed for items with smaller sample sizes for exploratory purposes, in spite of the aforementioned impact of small sample sizes on calibration. Thus, in step 2, the Rasch model was fit to all TEMA-3 items that did not have null categories 3 . In this calibration, item difficulty parameters obtained from step 1 were imported as anchors. The result of this second calibration showed that items located at the end of the test (i.e., items 53 through 65 and item 72) displayed large infit statistics. These items all had very small sample sizes and fewer than 8 observations per response category. In step 3, the problematic items identified in step 2 3 6 items (i.e., items 66 through 71) had null categories (i.e., no observations in either correct or incorrect category). Item parameters could not be identified for items with null categories.
were excluded. A total of 52 items (i.e., items 1 through 52) were retained in the final Rasch analysis, where the item parameters from step 1 were used as anchors.
The Rasch model was estimated with the software ConQuest (Wu, Adams, Wilson, & Haldane, 2007) using the marginal maximum likelihood estimator, where the ability parameter n  is assumed to be normally distributed as . For model identification, was constrained to 0 in step 1. As anchors were used in subsequent steps, no additional model constraints were needed (Briggs & Wilson, 2003) .
We also performed the Rasch analysis using data coded with the basal-and-ceiling rule for exploratory purpose. The model could not converge properly. The convergence issue still remained after we re-ran the analysis using the parameter estimates from the previous calibration
as initial values and also increasing the nodes used in the numerical integration as suggested by
ConQuest. These results demonstrated the problem of using data recoded with the basal-andceiling rule in item analysis and supported the use of raw data in the current study.
Results
Technical Qualities
Reliability. The expected a posterior (EAP) reliability (Bock & Aitkin, 1981 ) was found to be 0.93. This high person reliability suggests that the TEMA-3 items differentiate the K1 children with respect to their mathematics ability well. In addition, the item separation reliability (Wright & Stone, 1979 ) was found to be 0.997. This high item separation reliability suggests a nice spread of items along the continuum of the latent construct.
Item fit. As shown in Table 1 , only item 27 had the infit statistic falling outside the range of 0.75 and 1.33, and a t statistic larger than 1.96. Figure 1 presents the item characteristics curve of item 27. It shows that the empirical impact of changes in ability level on probabilities of
succeeding on this item was smaller than the model prediction, i.e., this item contributed less to the measurement of the latent mathematics ability compared with other items. Item 27 asked children to compare several number sets, each of which contained 3 numbers (e.g., Here is an 8.
Which is closer, 1 or 6?). The 3 numbers were presented as a triangle, with the target number (8) at the top and the two other numbers (1 and 6) at the bottom. The greater variability in children's response to this item might be due to some children misunderstanding "closer" as referring to their physical distance as presented in the stimulus rather than a mental number line as intended in item design. As the infit statistic of item 27 still fell within the range of 0.5 and 1.5 and was considered as productive for measurement following Wright and Linacre (1994) , all 52 items were retained.
Item discrimination. Point-measure correlation is a good substitute to evaluate item discrimination, particularly when data are missing (Kelley, Ebel, & Linacre, 2002) , which is the Pearson correlation between the ability measures calibrated from the Rasch model and scores on a particular item. Table 1 shows the point-measure correlation coefficients between the EAP ability measures from the Rasch model and item scores. All of the items had positive correlation coefficients as desired. Items with values of discrimination index lower than 0.2 are generally considered weak (Ebel, 1965) . Among the investigated items, item 17 had an extremely small value of point-measure correlation (i.e., 0.09), while items 25 and 34 had relatively small values (i.e., 0.20 and 0.21 respectively). A discussion about these three items is presented in the next section, as part of the examination of item pattern. Figure 2 shows the Wright map, which displays children's ability distribution and item difficulty estimates on the same logit scale. The first column presents the ability distribution from most able at the top to least able at the bottom of the map. Each "x" represents approximately 1.4 children. The location of the "x"s indicates the level of their ability estimates.
Internal Structure
The remaining columns present the item difficulty estimates. Items located at the top are more difficult than items at the bottom. If the ability estimate of a child and the difficulty estimate of an item are located at the same position on the map, the probability of this child succeeding on the item is 0.5.
An overview of the child ability and item difficulty estimates suggests that the studied TEMA-3 items are well targeted to our sample. Specifically, the distribution of the ability estimates approximated a bell curve (mean= −0.03 logit, variance=4.04 logit). This evidence suggests that the investigated TEMA-3 items differentiate the sample of K1 children successfully.
Furthermore, an examinee's latent ability can be most precisely estimated if items administered are at the examinee's ability level. From the Wright map, it is clear that the range of item difficulty estimates covered the entire span of ability estimates well and there was no gap in the spread of difficulty estimates among these items. This finding suggests that collectively these items assess the mathematics ability of the K1 children well.
The pattern of the difficulty estimates was further examined by item types. While the items assessing informal mathematics spanned across the entire ability distribution, the items assessing the formal mathematics were mostly located at the top of the ability distribution with a few exceptions that will be discussed later. This empirical pattern supports the hypothesis that formal mathematics items assess more advanced concepts and skills compared to informal mathematics items. Also, it is expected that most of the formal mathematics items cluster at the top of the map, as these items target older children (e.g., item 32 is the entry point for 7-year-olds).
Pattern of informal mathematics items.
A content analysis of the items suggests that the observed pattern of item difficulty estimates supports the theoretical hierarchy of informal mathematics concepts and skills generally. Items located at the bottom of the map assess precounting abilities, such as verbal counting by ones up to 10 (e.g., item 12) and perception of small numbers (e.g., item 1), and are considered basic (Ginsburg & Baroody, 2003) . It is notable that the administration of these easy items is accompanied with external representations, such as tokens or pictures. Subsequently, the items located at the middle range assess counting abilities, such as verbal counting by tens up to 90 (e.g., item 33), comparisons of numbers up to 10 (e.g., item 20), nonverbally adding or subtracting two small and previously-viewed collections (e.g., item 8), and understanding of number constancy principle (e.g., item 9). These middle-level items use a mix of external representations (e.g., tokens) and verbal instructions. Last, items located at the top assess advanced counting abilities that involve deeper conceptual understanding, such as verbal counting by tens up to 190 (e.g., item 42), comparing numbers up to 99 (e.g., item 37), solving arithmetic word problems with sums up to 12 by counting or reasoning (e.g., item 32), part-whole concept (e.g., item 17), and equal partitioning (e.g., item 25). These items are not supported with external representations.
Pattern of formal mathematics items. Most of the studied formal mathematics items were
clustered at the top of the Wright map. Only items in the numeral literacy category spread out on the map. The empirical hierarchy of the numeral literacy items matches the hypothesized order:
the more digits a numeral has, the more difficult it is for children to read or write the numeral accurately. Items in the other categories (i.e., number facts, calculation, and concepts) require children to have a clear understanding of arithmetic rules or retrieve arithmetic facts from memory that are typically acquired via formal schooling. It is expected that these K1 children who just started kindergarten would find these items difficult.
The TEMA-3 items were arranged from easy to difficult using data from the U.S. sample during the test development (Ginsburg & Baroody, 2003) . It was of interest to investigate whether the ordering of the items determined with the Singapore sample was consistent with the ordering determined with the U.S. sample. Kendall's tau-b correlation (Kendall & Gibbons, 1990) was used to compare the association between the original item ordering in the TEMA-3 test form and the difficulty estimates (Table 1) Ordering of informal mathematics items. As shown in the Wright map, the ordering of the informal mathematics items from the K1 Singapore sample is consistent with the U.S. sample in general, with a few exceptions in the numbering and the concepts category. For the numbering category, item 12 was easier than expected. This item assesses verbal counting skill by ones up to 10. This finding suggests that Singapore children might practice basic counting skills earlier than U.S. children. In the concepts category, items 17 and 25 were more difficult than expected.
Item 17 assesses part-whole concept with several story problems (e.g., Rebecca has 7 candies left after eating 2 candies. How many candies did Rebecca have?). This requires children to solve the unknown whole start value (i.e., X-2=7). Whilst approximate answers are acceptable (children can provide any answer greater than 7 to indicate their understanding that the whole must be larger than the individual parts), children in our sample were observed trying to calculate the exact answer. As such, the question is not assessing children's general understanding of part-whole concept as intended in item design; instead it is being seen by our children as an algebraic problem (e.g., solve X−2=7). Item 25 assesses equal partitioning with story problems about fairsharing of discrete quantities (e.g., does each share have the same number?). Succeeding on this item requires an understanding of terms like "fairly" and "share." Past research has suggested that difficulty in comprehending particular linguistic terms could limit young children's ability to solve verbally-presented calculation problems (e.g., Gelman & Gallistel, 1986; Levine, Jordan, & Huttenlocher, 1992) . It is possible that unfamiliarity with the linguistic terms resulted in the unexpected difficulty level of this item.
Ordering of formal mathematics items. As discussed previously, most of the formal mathematics items were clustered together with a few exceptions. Specifically, all of the items related to reading or writing numerals (items 14, 15, 29, 30, and 35) were much easier than expected, except for the reading or writing of 3-digit numerals (items 44 and 45). Item 18, which assesses written representation up to 5, was also easier than expected. These observations suggest that Singapore children might develop basic numeral reading and writing skills at a younger age than the U.S. children. In the concepts category, item 34 (matching a number sentence to a stated word problem) was more difficult compared to the original U.S. ordering; this item might be difficult for the K1 children as it requires buffering numerical information in memory while identifying both direct and commuted numerical representations. Also, this item contains some word problems where both direct and commuted representations are correct.
Children might not have been aware that there was more than one correct answer for these problems.
Convergent Evidence
The key outcome variable of the Number Sets Test is the d′ score, which represents a child's sensitivity in the detection of a target quantity (i.e., 5 or 9). d′ was calculated as the difference between the z-scores for hits and false alarms (Geary et al., 2009 ). The Kendall's taub correlation was performed to investigate the relationship between the EAP ability estimates on TEMA-3 and the d′ scores on Number Sets Test. The Kendall's tau-b correlation was selected as it makes no assumption about the distribution of the variables being examined and is robust to extreme observations and to nonlinearity. The EAP ability estimates and the d′ scores were positively and moderately correlated (τb = 0.39, p<0.001).
Discussion
This study investigated the psychometric properties of TEMA-3 with a sample of K1 children in Singapore. To our knowledge, this study is the first attempt to investigate the properties of TEMA-3 using the Rasch model and a non-U.S. sample. Findings from the Rasch analysis indicated that the TEMA-3 items generally demonstrated good technical qualities, interpretable internal structure, and reasonable convergent evidence.
All but one of the 52 items examined fit the Rasch model well. The only item with a relatively large infit statistic was still considered productive for measurement as discussed previously. In addition, all but three items were found to discriminate children with different ability levels well. Collectively, these items demonstrated high internal consistency. Our examination of the four problematic items showed that construct-irrelevant nuisances, such as item representation, might have contributed to the unsatisfying values of fit and discrimination indices observed. Note that despite of the variation in the post-hoc item discrimination measure, these items had reasonable fit statistics, which suggests that the assumptions underlying the Rasch model (including equal item discrimination) hold generally in the current case and supports the use of the Rasch scaling. Nonetheless, further investigations, such as conducting think-aloud interviews with children, and revisions of the items displaying lower discrimination on the post-hoc measure or larger fit statistics could improve the function of the test.
In addition to the good technical qualities, the pattern of the difficulty estimates of the studied TEMA-3 items generally supports the hypothesis about children's early mathematics development in item design. As expected, items assessing formal mathematics were more difficult than those assessing informal mathematics. Among the informal mathematics items, the observed structure is generally consistent with the progression in the development of mathematics ability. Specifically, items located at the bottom of the Wright map mostly assess pre-counting abilities, items located at the middle assess counting abilities generally, and items located at the top assess advanced counting abilities. Among the formal mathematics items, most of the items appeared to be too difficult for the current sample, which is expected as these items target children aged 7 or older. The empirical hierarchy of the numeral literacy items is consistent with the expectation that the more digits a numeral has, the more difficult it is for children to read or write the numeral.
The pattern of the difficulty estimates also unveils the impact of item characteristics on item difficulty. Specifically, the low-level items are typically accompanied with external representations, such as pictures or tokens, the middle-level items commonly use a mix of external representations and verbal instruction, and the high-level items mainly rely on verbal instruction. This finding is consistent with past research on the role of the cognitive capabilities of young children. It has been suggested that children think in relatively concrete terms, and tend to perform better on mathematics tasks with concrete objects or manipulatives than they do on mental tasks (e.g., Ginsburg, Lee, & Boyd, 2008) . It is also possible that items that just rely on verbal instruction demand fairly sophisticated language skills that children at this age do not yet possess (e.g., Mix, Huttenlocher & Levine, 2002) .
The ordering of items determined with the Singapore sample was highly and positively correlated with the original item ordering in the TEMA-3 test form, which was determined with a U.S. sample. As the TEMA-3 manual advices examiners to use the basal-and-ceiling rule to administer and subsequently score TEMA-3 items, item ordering has a crucial impact on the inference made about a child's performance. For example, suppose several difficult items are placed at the beginning of the test due to an underestimation of their difficulty levels. Because of this misplacement, ceiling may be established at an earlier point than it should have been for a child, which in turn leads to an underestimation of the child's total score. Our finding suggests that the item placement in the TEMA-3 test form is generally in line with the order of item difficulties from the Rasch scaling. Note that the percentage of children succeeding on a given item was used to rank items in the U.S. sample, which is different from the use of the Rasch parameter estimates in the current study. Also, the U.S. sample is composed of children aged 3 to 8 years old, while our sample is based on K1 children only. As such, some difference in item ordering between the U.S. and our samples is expected.
The comparison of item ordering also unveils potential differences in children's development of early mathematics between U.S. and Singapore. Specifically, items observed to be easier for the Singapore sample all assess basic counting or numeral reading/writing skills.
This finding is consistent with findings from Lee and Bull (2015) , where the majority of the Singapore kindergarten children in their sample performed at ceiling on items assessing basic number recognition, writing, and counting on a different standardized measure. These observations suggest that Singapore children may well practice these basic numeracy skills at a younger age than the U.S. children.
Children's Rasch ability estimates from the TEMA-3 items were positively and moderately related to the d′ score on Number Sets Test. Past research has shown that d′ scores were significantly and positively correlated with mathematics achievement in kindergarten through third grade, and were also related to measures of number, counting, and addition, after controlling for IQ and executive functioning (Geary et al., 2009 ). The positive relationship between performance on TEMA-3 and Number Sets Test provides support for the validity of using TEMA-3 to draw inference on children's mathematics ability.
The current study clearly has some limitations. This study investigated the properties of TEMA-3 with data from K1 children only. In addition, we did not have much data on items placed towards the beginning and the end of the test, as few children in our sample reached these items. Further studies and more data are needed to evaluate the function of all TEMA-3 items for the targeted age range (3 years to 8 years 11 months). Nonetheless, the findings from this study Note. The discrimination reported is the point-measure correlation. 
